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Abstract
When a current flows through a heavy metal (HM), the spin of the current carriers is 

polarized by the spin Hall effect (SHE). In a junction of a HM and a ferromagnetic metal 
(FM), the spin current flows into the FM from the HM and gives spin-transfer torque to 
the magnetic moments of the FM. We calculate the spin current in a layer of HM/FM with 
the SHE. We use a spin-resolved electrochemical potential including the SHE in the 
calculation of the spin current. The spin current flowing into the FM depends strongly on 
the thickness of the HM.

1 Introduction

Spin injected into a ferromagnetic metal (FM) rotates the magnetic moments of the 
FM.1),2) The spin injection reverses the magnetization of a nanosized FM3) and drives a 
magnetic domain produced in a thin nanowire of FM.4) A spin-orbit torque method is 
attracting attention as a method to apply torque to the magnetization of FM by spin 
injection.5) In the structure of a heavy metal (HM) and FM multilayer, as shown in Fig. 1(a), 
the spin-orbit torque acts on magnetic moments in the FM. When a current flows through the 
HM, the spin of the current carriers is polarized by the spin Hall effect (SHE)6),7) because the 
spin-orbit interaction of the HM is strong. The polarized spins are injected into the FM. A 
current of the polarized spin is called a spin current. The spin current flowing into the FM 
gives the spin-transfer torque the magnetic moments of the FM.1),2) As a result, the magnetic 
moments in the FM take the torque owing to the spin-orbit interaction in the HM when the 
current flows through the HM. This is the spin-orbit torque.

In spintronics devices such as magnetoresistive random access memory (MRAM)8) and 
racetrack memory9), the magnetization of the FM is controlled. These high-speed spintronics 
devices require a fast magnetization reversal or a fast domain motion. The larger the spin-
orbit torque is, the faster the domain moves.10) In other words, the more spins are injected into 
the FM from the HM per unit time, the faster the domain moves. When the thickness of the 
HM is sufficiently longer than the spin diffusion length of the HM, the spin polarizes 
sufficiently. When the thickness of the FM is sufficiently longer than the spin diffusion length 
of the FM, the injected spin diffuses sufficiently in the FM. Both the spin diffusion lengths of 
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the HM and FM are a few nanometers.11),12) However, the MRAM and the racetrack memory 
with the spin-orbit torque method are composed of a HM/FM layer with a few nanometers 
thickness. Hence both the spin polarization in the HM and the spin diffusion in the FM may 
be insufficient.

Designing devices using the spin-orbit torque requires clarification of the relation between 
the thickness of the HM/FM layer and the spin current flowing into the FM. We analyze the 
spin current flows into the FM from the HM in the HM/FM layer with a few nanometers 
thickness using a spin-resolved continuity equation of the carriers.

Fig. 1.  Illustrations of (a) a domain motion due to a spin injection via a SHE of the HM layer in a 
HM/FM layer and (b) a one-dimensional model of the HM/FM layer with w1-thickness-HM 
and w2-thickness-FM.

2 Calculation results of the spin current

We focus on a HM/FM layer with finite thicknesses and infinite planes. An interface of the 
HM/FM layer is parallel to an x-y plane. In the HM with w1-thickness, a current is flowing 
along the －x-direction. The spins of the +y-direction are curved in the z-direction due to the 
SHE. The spins of the －y-direction are curved in the －z-direction due to the SHE. Hence, 
the spins are polarized. The FM with w2-thickness is set on the HM. Because not all variables 
depend on the x- or y-position, we use a one-dimensional model along the z-direction, as 
shown in Fig. 1(b).

A continuity equation of density of the spin-up of the carrier (n↑) is given as

  (1)

and that of the spin-down of the carrier (n↓) is given as

  , (2)

where t is time, q is the electron charge of －1.6×10－19 C, and j↑ (↓ ) are the spin-resolved 
current densities of the spin-up (down) along the y-direction, τ↑(↓)0 are the spin relaxation 
times of spin-up (down). Here, the spin-up is pointing in the +y-direction and the spin-down 
is pointing in the –y-direction. 2τ↑(↓)0 correspond to the time that the spin-up (down) state 
changes to the spin-down (up) state. For example, the second term of the right-hand side in 
Eq. (1) represents the amount by which the spin-up changes to spin-down per unit time. In a 
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paramagnetic metal such as a HM, the spin relaxation time is spin-independent (τ↑0 = τ↓0). 
In contrast, the spin relaxation time usually depends on the spin in the FM (τ↑0 ≠ τ↓0). We 
assume that τ does not depend on the spin of FM (τ↑0 = τ↓0 = τ).

The spin-resolved current densities j↑(↓) are given as

  (3)

and

  , (4)

where σ↑(↓) is the conductivity of each spin, Ez is an electric field along the z-direction, D↑(↓) 
is the diffusion coefficient of each spin, θSH is the spin Hall constant, and jc is the density of the 
current along the －x-direction. On the right-hand side of these equations, the first term is the 
density of the drift current, the second term is the density of the diffusion current, and the 
third term is the density of the spin-resolved current due to the SHE. Since the current flows 
along the －x-direction, the spin current flows through along the z-direction due to the SHE. 
Because the current density jc and the spin-resolved current due to the SHE do not depend 
on the x- or y-positions, j↑(↓) and n↑(↓) do not depend on the x- or y-positions. The electric 
field Ez occurs owing to the z-position-dependence of n↑ + n↓ under the SHE but we do not 
estimate n↑ + n↓. We assume that the conductivity σ↑(↓) and diffusion coefficient D↑(↓) are 
spin-independent (σ↑ = σ↓ = σ, D↑ = D↓ = D) and that the current density jc does not 
depend on the z-position in the HM. Spin current density js is

  , (5)

where /2 is the spin angular momentum and  is the Dirac's constant. We define the 
difference of a spin-resolved electrochemical potential including the SHE δμ as

  , (6)

where n ↑ ( ↓ )0 is the number of spin-up (down) of the carriers for a equilibrium state. By  
δμ, j↑ － j↓ for js is described as

  . (7)

Here we used the Einstein relation, which relates the diffusion coefficient and electrical 
mobility μq, given as

  , (8)

where μq is electron mobility, kB is the Boltzmann's constant, T is temperature, and n is the 
density of each carrier. Under the steady-state (dn↑(↓)/dt = 0), a general solution of δμ,
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  (9)

is led, where A and B are arbitrary constants and λ is a spin diffusion length defined as λ = 
(Dτ)1/2. Based on this general solution (9), we obtain the spin current density js in the HM/
FM layer. In the HM (－w1 < z < 0), the SHE occurs (θSH > 0, jc > 0), In the FM (0 < z < w2), 
the SHE does not occur (θSH = 0).

The general solution of δμ in the HM (δμHM) becomes

  (10)

and the general solution of δμ in the FM (δμFM) becomes

  . (11)

If the spin scattering is neglected at both the interface and the surfaces, the boundary 
conditions are jsHM(－w1) = 0, jsHM(0) = jsFM(0), jsFM(w2) = 0, and δμHM(0) = δμFM(0). Hence

  , (12)

  , (13)

  , (14)

  (15)

are led. Here, η and ξ are given as

  (16)

and

  , (17)

respectively.
The density of the spin current through the HM jsHM and the FM jsFM are led as

  (18)

and
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  , (19)

respectively. Although the spin current is generated in the HM, the spin current depends on 
the spin diffusion length and the conductivity of the FM. The spin current in the FM 
decreases with increasing distance from the interface. The decay rate of the spin current in 
the FM depends on the spin diffusion length of FM.

In the cases of magnetization reversal and domain motion owing to the spin injection from 
the HM, the spin current density at the interface js0 is important. The larger js0 is, the larger 
the torque acting on the magnetic moments of the FM. From (19), the spin current density at 
the interface js0 is led as

  . (20)

Under the limits of wHM >> λHM and wFM >> λFM, js0 becomes

  . (21)

The spin current density at the interface js0 increases with the decreasing spin diffusion length 
of the FM λFM and increasing conductivity of the FM σFM. The js0 is proportional to the 
current density jc and the spin Hall angle θSH. When wHM is equal to λHM and wFM is equal to λ
FM, js0 becomes

  . (22)

This js0 is lesser than js0 with the limits of wHM >> λHM and wFM >> λFM.
We calculated numerically the spin current by using (12) to (19). The spin-diffusion 

lengths in the HM and FM were set to 1.0 nm and 2.0 nm, respectively. The following two 
types of the set (wHM, wFM) of the thicknesses of the HM and FM were chosen: (wHM, wFM) = 
(15 nm, 15 nm) and (5.0 nm, 1.0 nm). The situation of the thicknesses of (15 nm, 15 nm) was 
substituted for that of wHM >> λHM and wFM >> λFM. The thicknesses of (5.0 nm, 1.0 nm) are 
often used for that of the HM/FM layer, namely, Ta/CoFeB and Pt/CoFeB layers, for the 
magnetization reversal with the spin-orbit torque.13),14) Figure 2 shows the js normalized by 
θSH jc/(2|q|), respectively. The js had positive values in the HM/FM layer in each situation. In 
other words, the spin current flowed to the +z-direction in the HM owing to the SHE and 
flowed into the FM.



56 Yoshikazu Yamaki, Syuta Honda, and Hiroyoshi Itoh

Fig. 2.  Calculation results of the normalized spin current density in (a) 15-nm-HM/15-nm-FM layer 
and (b) 5-nm-HM/1-nm-FM layer.

When the thicknesses were (wHM, wFM) = (15 nm, 15 nm) (Fig. 2(a)), the spin current 
density was close to θSHjc/(2|q|) inside the HM. This is because the spin was polarized 
sufficiently in the HM owing to the SHE. The spin current density decreased toward the 
interface. The spin current was more than zero at the interface and in the FM. This means 
that the spin current generated by the SHE flowed into the FM. The density of the spin 
current was 0.5 θSH jc/(2|q|). The injected spin current decreased exponentially with 
increasing distance from the interface.

When the thicknesses were (wHM, wFM) = (5.0 nm, 1.0 nm) (Fig. 2(b)), the spin current 
density was lesser than θSHjc/(2|q|) inside the HM. Since the HM thickness wHM was not 
sufficiently long, the spin was not sufficiently polarized in the HM. The spin current density 
was approximately 0.43θSH jc/(2|q|) at the interface, which was lesser than that of the layer 
with (wHM, wFM) = (15 nm, 15 nm).

Figure 3 shows the differences of the spin-resolved electrochemical potentials including 
the SHE δμ in the HM/FM layer with (wHM, wFM) of (15 nm, 15 nm) and (5.0 nm, 1.0 nm). δμ 

was the maximum value at the HM surface in each HM/FM layer. Both δμ decreased 
monotonically with increasing z. This was consistent with the fact that the spin current flows 
to the +z-direction in all regions in the HM/FM layer except z = －wHM and wFM. In the region 
of z > 5 nm of the HM/FM layer with (wHM, wFM) of (15 nm, 15 nm), δμ was almost zero. 
Hence, the spin-up and down are equilibrium state. In other words, the spin diffused 
sufficiently in this region, and the spin current was zero in this region. In the HM/FM layer 
with (wHM, wFM) of (5 nm, 1 nm), δμ was larger than zero, even at the FM surface. This 
indicates that the spin did not diffuse sufficiently in the FM. This is one of the reasons why 
the spin current injected into the FM in the HM/FM layer with (wHM, wFM) of (5 nm, 1 nm) 
was lesser than that of the layer with (wHM, wFM) = (15 nm, 15 nm).
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Fig. 3.  Calculation results of the difference of the spin-resolved electrochemical potential including 
the SHE δμ in (a) 15-nm-HM/15-nm-FM layer and (b) 5-nm-HM/1-nm-FM layer. The 
solid curve indicates δμ. The broken curve indicates the difference of the spin-resolved 
electrochemical potential without the SHE δμ′. Inset of (a) shows an enlarged view of δμ 

around the interface of the HM/FM layer.

3 Discussion

We compare the above spin current with the spin current used in other studies. In the 
studies for the magnetization control owing to the spin-orbit torque, the density of the spin 
current injected into the FM is related to jc and θSH as follows: 4),15)

 . (23)

This is equal to the density of the spin current flowing near the center of the HM with wHM 
>> λHM. From (20) to (22), we find that the spin current injected into the FM is lesser than 
the spin current expressed by (23).

We have calculated the spin current using the electrochemical potential including the SHE. 
In other calculations of the spin current in the HM with the SHE, a spin-resolved 
electrochemical potential without the SHE (μ′↑ and μ′↓) is usually used in the analysis of the 
spin current.16) Examples of these potentials are given as

  , (24)

where δn↑＝n↑－n0 and δn↓＝n↓－n0. Here, n0↑＝n0↓＝n0 are assumed. Hence j↑－ j↓ are 
given as

  . (25)

All boundary conditions in this case are the same as the aforementioned boundary conditions. 
δμ′ estimated with the same parameters with the aforementioned parameters are plotted by 
broken curves in Fig. 3. Since δμ′ is proportional to n↑－n ↓ , δμ′ corresponds to the spin 
accumulation. Hence, we can easily read the spin accumulation from the graph of δμ′. Since 
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δμ′ was maximum at the interface, we find that the spin most positively polarizes at the 
interface. Similarly, the spin most negatively polarized at the HM surface. Since the SHE does 
not occur in the FM, the values of δμ′ are equal to those of δμ at the same z-positions in the 
FM. In the case of the HM/FM layer with 15-nm-width HM, the spin polarizability decreased 
exponentially with increasing distance from the interface in the FM and the density of spin-
up n↑ was similar to that of spin-down n↓ at z > 5 nm. In the case of 1-nm-width HM, n↑ is 
larger than n↓ at z = 1 nm of the FM surface. When the SHE occurs, however, reading the 
spin current from the graph of δμ′ may be difficult. Meanwhile, the gradient of δμ 

corresponds to the spin current. Hence we may easily read the spin current from the graph of 
δμ. The gradient of δμ shown in Fig. 3 corresponds well to the spin current shown in Fig. 2.

When the density of spin-up is equal to the density of spin-down in the equilibrium state 
such as the HM, the difference between equation (1) and equation (2) becomes

  , (26)

where δn＝n↑－n↓, δj＝j↑－ j↓, and τ↑0＝τ↓0＝τ. Eq. (26) is often used as a continuity 
equation for the spin accumulation. Since τ is the spin relaxation time, which is the time 
required to return from the spin-accumulating state to the equilibrium state, the factor of τ is 
one in Eq. (26) and τ↑0 and τ↓0 are multiplied by two in the second and the third terms of 
Eqs. (1) and (2). When the density of spin-up is not equal to the density of spin-down in the 
equilibrium state such as FM, δn is defined as a difference from the density of spin in the 
equilibrium state.

4 Conclusion

We have calculated the spin current flowing through the HM/FM layer by using the spin-
resolved electrochemical potential including the SHE δμ. δμ has shown the current direction 
of the spin current. The spin current, which is generated in the HM owing to the SHE, has 
flown into the FM. For the FM with shorter spin diffusion length and larger conductivity, the 
amount of the spin current flowing into the FM has increased. When the thicknesses of the 
HM and the FM is similar to the spin-diffusion length or less, the amount of the spin current 
flowing into the FM decreases.
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