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Proof of Cavarieli’s Proposition
on the Quadrature of the General Parabola

Youji FUKADA

Abstract

In this paper, the quadréture of a general parabola y = x* is described, based on
the concept of indivisibles developed by B. Cavarieli in the early 17th century. First,
the area of an ellipse and the volume of a sphere are calculated using indivisibles.
Next, the Archimedean heuristic having relationships with indivisibles is described.
Second, Cavarieli’s researches on the areas of parabolas having low degrees are
investigated, and formulas of these areas are derived faithfully based on the concept
of indivisibles. Last, Cavarieli’s proposition on the area of a general parabola is
proven using the mathematical induction developed by B. Pascal in the contemporary

era.
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EZATHBSEZx=a/2lB LTS, x=a/2~a T TOHBLSOTOWMIZIT/2
Thhb T, X=x—-a/2bEBEBRTHEHMBES Zy=X2LdREE25 (HII1ZH), v
=XDTDX=0~aF TCOHEES,EX=0~a/2F TOEBET/2L DI, KEHTRDHE)
FH2XD,

S, &
T2 (a/2)3

COFERERONTRALTHEL &,

1
s, T==8,.
25 12

1
Sz =§Cls.
Q.E.D.
y y
G,Z
(a—x, a)
al cl !
s
az/2
D |
A
0 * x
(x, 0) a x (x' 0) a
M9 y=x®OTFTOHEME K10 y=2*OTFTOHEME GEH1)

@?/2
a?/4 '
0 a/2 a 30/2 x
0 a/2 a X

M1l y=x*OTFTOmEE GEH2)
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3.1.3 n=30EF4E

#pRE3.3

By =20 TDx=0~aF TOWES:IL, a/4ThH 5.

)

HidRl E 2%, ZRENROMMBMy =L y=a*~(a—x)%=3a% —3a?+x*L T 5 &,
B 1 LxBilx=aTHEIENAME 1 OEBEHNS;THY, M2 Lyl y="THINIK
W2 OEMIZEE 1 QRS L% Ly (AE320H 1 81). -7, HE2»roMiR1 %
Fluv ety =3a(ax — ) (M 3) OTOHEMIE, o'-28TH5.

—%, WHIOTOEMIE, EMy=xDTOHEESS L CHWHy = <D T OS2,
ZNETNE2BLVS/B3EB/LNTENE, o/2THAH (T2, H#y=2(ax—x) DT
DOHEEIE, HEOEBLIZBITA2RE3OERS-2S.THY, S;=ad/37E05ad%3Th 5.
Lo THIMR 3 OTOEMRIX, o/3D3a/2f575H5a*/2TH5). WZIZ, a*—2S3=a"/2 XD

1
S3 Zza[l.

Q.E.D.

31.4 n=40H4
W iE3.4
By = 2O T Dx=0~aE TOHEESAE, °/5TH 5.
)
Ml 22, TRPFRKROBBy=x'Ly=a'— (a — x)'=4a% — 6a’*+dax’ — x* & §
L, Wl LxtliEx=aTHENLIEE 1 ORBLS,THY, W2 Lyl y=a'THZ
NBEE 2 OEERS,THAHZ &I, mE320FH 1ICBITLHMELFALTHS.
AR 2 22 SR 1 251wz, y =40’k — 6a’*+ax® - 2x' = —Z(x—a/2)4—3a2x2+3a3x+a4/8 (Hh
#3) OTOmEMEIE, HR2 LHRI CHINIREIOERETHY, o°~25,Th5.
TIT, W3 DEFTOEED, y=-(x-a/2)'-3/2d°+3/2a°c+a"/16% HiFk 4 L L, i
My=(x—a/2)* (W#R5) OTOEEETE TS L, M4 L 5EMAHR6

3 3 1 4
y=—=a’x*+=a’x+—a
2 16

(5)

DTFOERIX, K3 DEGOEBE TEDOMZENS, (a®—28)/2+TTh 5.

EZATHMRO DT OHEMEIX, ROICBVTHYMY =D T OHES, L ERy=xDTD
HRESIVBBEIZRDO SN TVE 2L, ThoDEERAT S E/16LH\BONE. LoT, (a°
—28,) /24T =5a%/16727° 5, EBT B L

S4=T+1%a5, ' (6)
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ZZT, MBSO TDx=a/2~aETOHEBEEZZEZLE (KZHEELHL TSR,
PULyFEEEIIRELS), HESZx=a/2llBE L TCHRELST/2THE. —F, X=x—-a/2
CEHERTHEMBES Xy =X dFEENS, KETRRLMEEH2 LD,

S4 a5 S4
—_— =32 2 AN T:_
TI2 (@2 S 16"
IhEROIAT S E,
1
S4 :ga5 .

Q.ED.

3.2 FHBNEROIEH
THEBRICBIARBEZABICERZDDESNASNVOZARLIFRL I, AT
U EIZIZABROB.SA AV (1623-1662) (F, HEROBIFICE L HREMEZFAHL T,
AT, ZHEHESBEORBICHT 2MBEHEL L, 23TRNL RAUSEORME" HE2
DR T —BAL L - HBEH 2 23R LIEW § 5.

BN EE 1
vty alh 5 AR BT
EBA)
. Cr _ n! _ (n+D! _ G iy
r+1 (r+Dri(e-r)! @+DE+DIw-r)! n+l
Z :fg =ﬁ(n+lcl+n+lc2 +ot g G |
r=0
ZIT,  Q+x)=,Co+,Cx++,Cx" TBWTx=1DL %,
W CotnCy+--+,C, =2",
£oT,  C+uCottpiCuy =2, Co=2"" -1,
i_nng 2n+1__1
~r+l n+l -
Q.ED.

BN ETE 2

— By =x" DT D, x=0~aETOHEELS.LBE, x=0~bFTOHMEZ S, &B<
&, S./Sy=a™/ b TH S,
ENL))

—MEER) 2Ll b<alFTH —BREUBy=x"FHBE1IELL, HR1EZEESR
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o/ EIER L7, y=(b/a)" (HIKE2) 225 (N20ENSBR). x#isx=ak,
M1 B LR 2 CHINAREEZ, FREAREIBICRE2ET5E, HF 1 OEKE
MBS, Thsb. HE20HKELZS., HHM2OLDy=FTTOHEKE (x=0~a) ZT.2 L, H
MIOEDy=b"FTOHERK (x=0~b) 2T, 35L (M20EKSR),
S, +T, =b™', S, +T =ab". : (7)
S TCHBOMMNEREyLT 5L, 200MBIEENENx="Vylx=a/b"VyLEREh
00, HEPT.L Ty® 2 00RBIZOWT, RERZ xHICE VKFEFMORELZEZE L5 &,
MAICBILGZEROBEORI L, BEIIBVWTHRTAHMEOESIDORIZa/bTH .

a
T =27
c b b -

ZOBRE, ROOE2RITRALTEREL, £F1X2HWwSE,
a a a
S =abt ——T, =—B"' -T,)==8
. =@ b b( b) B b (8)

WIZ, A1 ERE2DOEBTHAHS, & SAZDODNWTEZ S, EREREyEIICE D L, 8k
DEBEOEICBIIABEOBEXIIONT, FIZEOFNEIBBEOFND G/ DEED S,

an

S, =23,
oS (9)

ThHE, ABE9LXD
Sa an+1

S_b= bn+l .

Q.E.D.

y
br
G
Ty
Sh
0 b
br
C.
Te
X Sc

0] a

12 —RBEROT OmEE L 13  — B O T O



RO BT B H 7 7 ) L) OAEDEH 71

3.3 TEDOIHA

RE T, NABIVHREL L7z SNBHEFENRMHEZICLY W DTog®E (hv7Y T
D AR B ST o 726 HE) R FEWT 5. |
T8

— IRy = DT D, x=0~aE TOEBEZ S, L BLL, S,=a"/(n+tl) Th5.
FIEER)
n=1Dk %

3.1k ), Yo,
n=m(m=2~k-1) Ok Xk, S,n=q’”+1/(m+1) LIRET 5.
n=kD& %, LEREEDDELS, ="/ (k+]l) ZiEHT 5.

— Ry = (HR 1) Exlilx=al CHENCZREOMBEIS. THS. —BBEWH
y=(x+a)* (HH#R2) 0)—F0)x=~a~ai“€0)ﬁ$§85i,‘x=—a’vO?I"“C‘-O)E*ﬁc‘:, x=0~a
FCOMBOMTHY, LTD 2 HABDY LD,

(1) i (W20 TOx=—-a~0F COMME) &, SZFEL W,
(2) 8/8,=2¢L

FTELIHATHEY, X=x+ta b BEEWT L L, y=(xta)!=X*705, MR 2OTDOx
=—a~0FTOMHMIL, y=XDOTFTDX=0~aF TOEMESITHEL .

RICE2 HTH B, HIBIRT LI, Siky=X0FDX=0~2aF TOERITELW.
THEWBEM2 XV, S/S,=(2a)"/ gt =2,

XoT, S=S,+M# 2 D TFDx=0~aF TOMKE=2""S,.

A2 DT DOx=0~aF TOMHM = (2" ~1)S..
22T (vt RHERL Y, |
(a+x)*=, Cya®+,Ca" x+, Cha
EHho, B2 OTFTDOx=0~a% TOEREIL, Limlish‘éﬁﬂl@%lﬁ@?@x=O~a3€v’6‘0)
EROMTHS. LoTRELD,

k-2 xz + -+ k Ck_laxk_1+k Ck xk

k
2*1-1)S, =, Cya*a+, C A =X c, a2-+8
=1 Lol atp 0 2+k 20 3 +otpCpaa A + 0O .

(2k+1_2)Sk —a(,Cy + kzcl 4 kgz . kckk-1).'

CCTHiBIEE L XY,
C B+l : k+1
kC0+kC1+kcz+“_+k 1271 G 27 -2
2 k k+1  k+1 k+1

ak+1

- kR+1°

Sk

Q.E.D.
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4 HEWE

R TiE, MONO—BEFEEVIREY Y7 ) T ORTFEOMEE AT, — BBk
DOTOHEEE KD, TTATUMELZHBEICT L7201, ZLADDBHBEHLIROKEZ B
LB, TVFATFRAOBERBLOMEREZZER L. £/, BEREBWROTOREIC
DVWTDHY 7)) DEBREZHEALZ. RIS, BREWHROTOEREZ, 77 7LT) OIF
L3RR, HREIMEORINLOZZZIVWREICL TRDL. 512, ALERL
EoT, AT VTV TEIRbo7:, —BBEWROTORBEEHEE 2 00MBIEEL
EDICFERH Lz, FEEBRCIX, A7) ) LIRIZFARERONSA I NV OEREFIFE L.

A GEOBEZIIH LTI, EREADZVLDE WL SEDTYH, HHRPHEREIZES 2N
EDIEWENB I o7, COFEIIHLTHY 7)) Y IIBHEICEIRAETE 29 o7, L2L,
ISAHNEHT 7YY 2 BEELTUTOL )BTV S ¥,

[RAXBTIZBWT, “HROM" 2wk "HOR L) BANGROHEZELHVS L
MSOXELRERLZNTHA ). ZORBEAUGEOERE L 2 WAL IIRZEN T
BWwEBEbhL Z0LIBANLIL, EREROBOBICLoTIOOFHEHERT RELE VS Z
ERBTZIIK TS EIICBoTWEDTHEH, THIEELOBEMOBERICME S, ]

S%IE, NAANVDIOEELZEDT, A7)V Z)bZma—brRI4 7=y Yy ORS
AT T, BORBOER/NIBRERICRAOBELRIZERVILIETERL LA TE S,
L) —RFERI* ZBETLTFETH 5.
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